Abstract. Ideal lattices in the plane coming from real quadratic number fields have been investigated by several authors in the recent years. In particular, it has been proved that every such ideal has a basis that can be twisted by the action of the diagonal group into a Minkowski reduced basis for a well-rounded lattice. We explicitly study such twists on the canonical bases of ideals, which are especially important in arithmetic theory of quadratic number fields and binary quadratic forms. Specifically, we prove that every fixed real quadratic field has only finitely many ideals whose canonical basis can be twisted into a well-rounded or a stable lattice in the plane. We demonstrate some explicit examples of such twists. We also briefly discuss the relation between stable and well-rounded twists of arbitrary ideal bases.
Introduction
Let L ⊂ R n be a free Z-module of rank k ≤ n, then
where b 1 , . . . , b n ∈ R n are R-linearly independent basis vectors for L and B = (b 1 . . . b n ) ∈ GL n (R) is the corresponding basis matrix. Then for any U ∈ GL n (Z), BU is also a basis matrix for L, i.e. L = BU Z n for any U ∈ GL n (Z). Let f (x) = f (x 1 , . . . , x n ) ∈ R[x 1 , . . . , x n ] be a positive definite quadratic form, i.e. f (x) = x t Qx, where Q is an n×n symmetric positive definite coefficient matrix for f . Then Q = A t A for some A ∈ GL n (R), so (1) f (x) = (Ax) t (Ax).
Thus we will use notation f A for the form f as in (1) with coefficient matrix A t A for some A ∈ GL n (R).
We will use the term lattice to refer to a pair (L, f A ), where the form f A is used to define the norm of vectors in L. If A = I n , the n × n identity matrix, then f A is 2 , the square of the usual Euclidean norm, in which case we simply write L instead of (L, f In ). In general, let x = By ∈ L, i.e. y ∈ Z n , so (2) f A (x) = (ABy) t (ABy) = y t (AB) t (AB)y = (AB)y 2 .
In other words, a lattice (L, f A ) can be identified with the lattice AL, which we will refer to as the twist of L by A. Now, for a lattice L we define its rank, rk(L), to be the cardinality of its basis, and its determinant det(L) := det(B B)
where B is a basis matrix for L.
There are two important classes of lattices we will discuss. A lattice L is called well-rounded (abbreviated WR) if there exist n linearly independent vectors c 1 , . . . , c n ∈ L such that c 1 = · · · = c n = |L|, where |L| := min x∈L\{0} x . On the other hand, L is called
and L is called unstable otherwise. Well-roundedness and stability are independent properties for lattices of rank greater than two: WR lattices can be unstable and stable lattices do not have to be WR. On the other hand, in the plane WR lattices form a proper subset of stable lattices [6] . There is an important equivalence relation on the space of lattices: two lattices are called similar if they are related by a dilation and an orthogonal transformation; geometric properties, like wellroundedness and stability are preserved under the similarity, hence we can talk about WR or stable similarity classes of lattices. Both of these types of lattices are very important in reduction theory of algebraic groups. In particular, they were studied in the context of the diagonal group action on the space of lattices. Let
be the group of real positive diagonal matrices with determinant 1. This group acts on the space of lattices in R n by left multiplication: L → AL for each A ∈ A and lattice L ⊂ R n . A celebrated result of McMullen [11] in connection with his work on Minkowski's conjecture asserts that any bounded A-orbit of lattices contains a well-rounded lattice. Inspired by McMullen's work, Shapira and Weiss proved [14] that the orbit closure of a lattice under the action of A also contains a stable lattice.
Throughout this note, let K be a totally real number field of degree n with the ring of integers O K , σ 1 , . . . , σ n : K → R be the embeddings of K, and define the Minkowski embedding
Let I ⊂ K be a full module, i.e. a Z-module of rank n, for instance O K or any (fractional) ideal. We define L K (I) := σ K (I), i.e. the image of I under Minkowski embedding, then AL K (I) is a lattice in R n for any A ∈ GL n (R). Proof. By the similarity relation, we can assume that L K (I) is unimodular without loss of generality. Consider the orbit of L K (I) under the action of A, i.e. the set
Since L K (I) comes from a full module in a totally real number field, Theorem 3.1 of [11] implies that the orbit AL K (I) is compact. Then Theorem 1.3 of [11] implies that this orbit contains a WR lattice and Theorem 1.1 of [14] implies that it also contains a stable lattice, i.e. there exist some A, B ∈ A such that the lattice AL K (I) is WR and the lattice BL K (I) is stable.
Remark 1.1. The proofs of Theorem 1.3 of [11] and of Theorem 1.1 of [14] are not constructive, meaning that they do not help to explicitly find A, B ∈ A such that the lattice AL K (I) is WR and BL K (I) is stable.
Now let I ⊆ O K be an ideal. Let α ∈ K be totally positive, i.e. σ i (α) > 0 for all 1 ≤ i ≤ n, then the pair (I, α) gives rise to the ideal lattice (L K (I), f A(α) ), where
Ideal lattices have been extensively studied by a number of authors, especially E. Bayer-Fluckiger (see [1] for a survey of this topic); a systematic study of WR ideal lattices has been initiated in [9] and [8] , where it was shown that WR ideal lattices (L K (I), 2 ) from quadratic number fields are relatively sparse. The situation is different if we allow a more general quadratic norm form f A . Notice that A(α) ∈ A if and only α ∈ O K is a totally positive unit. More generally, A 1 (K) := {A(α) : α ∈ K is totally positive} is also a multiplicative group of (positive) diagonal matrices so that
where N K stand for the number field norm on K. In fact, notice that the set
are scalar multiples of each other, and hence have the same properties.
Question 1. By Proposition 1.1, we know that, given L K (I), there exists A, B ∈ A such that AL K (I) is WR and BL K (I) is stable, but do there exist such A, B ∈ A 1 (K)?
In this note, we consider the two-dimensional situation, for which this question was answered in the affirmative for WR lattices in [2] (specifically, see Corollary 3.1). Further, the authors construct explicit examples of principal ideal lattices (i.e., those coming from full rings of integers) similar to the square and the hexagonal lattices. Of course, this immediately implies the same affirmative answer for stable lattices, since in two dimensions WR lattices are stable; in fact, unlike the WR situation, there are infinitely many stable ideal lattices from real quadratic number fields even without twisting by a matrix, as proved in [6] . Our goal here is to further explicitly investigate well-roundedness and stability properties of planar ideal lattices.
First we need some more notation. Given a particular basis matrix B for a lattice L, we will say that B is WR twistable (respectively, stable twistable) if there exists A ∈ A such that ABZ n is WR (respectively, stable) with AB being the shortest basis matrix, as discussed in Section 2. We will refer to the resulting lattices as a WR twist (respectively, stable twist) of the original lattice by the matrix A, respectively. A criterion to determine whether a given basis for an ideal lattice from a real quadratic number field K is WR twistable or not was given in [4] : this criterion in particular implies there can be only finitely many such bases for a fixed ideal lattice. Further, Proposition 7 of [4] asserts that a basis is WR twistable by some A ∈ A if and only if it is WR twistable by some A(α) ∈ A 1 (K), and an explicit construction of such corresponding twists is given. In this note, we focus on the twistable properties of the particularly important kind of basis for ideals in quadratic number fields, the so-called canonical basis. We always talk about twists by matrices A(α) ∈ A 1 (K) for some totally positive α ∈ K, referring to such twists as a twist by α.
Let D ∈ Z >0 be squarefree and let
The embeddings σ 1 , σ 2 : K → R are given by
The number field norm on K is given by
for some a, b, g ∈ Z ≥0 such that
Such integral basis a, b + gδ is unique for each ideal I and is called the canonical basis for I (see Section 6.3 of [3] for a detailed exposition): it is important in the arithmetic theory of binary quadratic forms and quadratic number fields. For instance, canonical basis is used to determine reduced ideals and compute the ideal class group in quadratic fields (see, e.g., the classical work of H. H. Mitchell [12] as well as a more recent paper [15] ), and it is employed for number field computations in several modern computer algebra systems; it has also been used in the previous study of geometric properties of ideal lattices in the plane (see [9] , [8] , [6] , [4] ). It is then easy to check that L K (I) = BZ 2 , where
when D ≡ 1(mod 4), and
, when D ≡ 1(mod 4). Then any other basis matrix for L K (I) is of the form BU for some U ∈ GL 2 (Z). We can now state our result about WR K-twists of canonical bases of planar ideal lattices from real quadratic number fields.
be a real quadratic number field and O K its ring of integers. There can be at most finitely many ideals in O K , up to similarity of the resulting ideal lattices, with the canonical basis being WR twistable: if this is the case for some ideal I with canonical basis a, b + gδ, then
The canonical basis for O K is WR twistable if and only if K = Q( √ 5).
Remark 1.2. In fact, the assertion that the canonical basis of O K is WR twistable if and only if K = Q( √ 5) also follows from Corollary 2 of [4] .
The set of similarity classes of planar WR lattices is parameterized by a curve, while the set of similarity classes of planar stable lattices is two-dimensional (see [7] for details). The results of [7] also indicate that the set of stable ideal lattices in the plane is likely order of magnitude larger than the set of WR ideal lattices: at least this is true for planar arithmetic lattices. With this in mind, it is somewhat surprising that the number of ideal lattices with stable twistable canonical basis is not much larger than with WR twistable canonical basis.
be a real quadratic number field and O K its ring of integers. There can be at most finitely many ideals in O K , up to similarity of the resulting ideal lattices, with the canonical basis being stable twistable: if this is the case for some ideal I with canonical basis a, b + gδ, then 
Notation and setup
We start here with a basic review of some general lattice theory background. If rank of L is n ≥ 2, we define the successive minima of L to be the real numbers
Then λ 1 = |L| 2 , and L is WR if and only if λ 1 = · · · = λ n . Linearly independent vectors x 1 , . . . , x n ∈ L such that x i = λ i are called vectors corresponding to successive minima. They do not necessarily form a basis for L. On the other hand, L has a Minkowski reduced basis v 1 , . . . , v n , defined by the conditions that
x are extendable to a basis for L} .
In general, v i ≥ λ i , and when n ≥ 5 these inequalities can be strict, although a theorem of van der Waerden asserts that for all i ≥ 4,
and there is a conjecture that the constant in the upper bound of (9) can be improved. When n ≤ 4, a Minkowski reduced basis for a lattice L always consists of vectors corresponding to successive minima. For each n ≥ 2, there are finitely many inequalities that have to be satisfied by the vectors v 1 , . . . , v n ∈ L to be a Minkowski reduced basis for L. The number of such inequalities depends only on n, but it grows fast with n. The explicit list of non-redundant inequalities is known only for n ≤ 7 (it is called Tammela's list); see § §2.2-2.3 of [13] for Tammela's list, as well as more information on Minkowski reduction and relation to successive minima. Let L = (v 1 v 2 ) Z 2 be a planar lattice. The necessary and sufficient conditions for the basis v 1 , v 2 to be Minkowski reduced (and hence to correspond to successive minima λ 1 , λ 2 ) are as follows:
In order for L to be WR we need λ 1 = λ 2 , i.e.
and in order for L to be stable we need
The angle θ between v 1 and v 2 must therefore be in the interval [π/3, 2π/3], and | cos θ| is an invariant of the lattice. Two planar WR lattices L 1 , L 2 are similar if and only if these values are the same (see [5] ). There is an easy way to "deform" a non-WR lattice into a WR one.
be a lattice of full rank, where v 1 , v 2 is a Minkowski reduced basis matrix, so v 1 = λ 1 , v 2 = λ 2 for the successive minima
2 is a well-rounded lattice with successive minima equal to λ 1 λ 2 .
Proof. This follows immediately from Lemma 3.6 of [5] .
Remark 2.1. In principle, there is a deformation of a lattice into a WR lattice in higher dimensions too, but it is more complicated. Such a deformation is described in Remark 3.3 of [10] .
We now come back to the ideal lattices. Let K = Q( √ D) be a real quadratic number field and α = p + q √ D ∈ K be totally positive, then
where p ± q √ D > 0; in fact, we can assume without loss of generality that p, q are positive rational numbers. Let B as in (7) or (8) be the canonical basis matrix for an ideal lattice L K (I), where I ⊆ O K is the corresponding ideal. Then B is WR twistable (respectively, stable twistable) if
is a Minkowski reduced basis for WR (respectively, stable) lattice CZ 2 . These conditions can be described by explicit inequalities, stemming from (11) and (12) . First assume that D ≡ 1(mod 4), then B is WR twistable by α = p + q √ D if and only if
and B is stable twistable by α if and only if
On the other hand, if D ≡ 1(mod 4), then B is WR twistable by α = p + q √ D if and only if
We can now use these criteria to analyze the WR and stable twistable properties of the canonical bases for ideals in real quadratic number fields.
Proof of Theorem 1.2
In this section we prove Theorem 1.2 step by step. Let K = Q( √ D) for a squarefree integer D > 1. Let I ⊆ O K be an ideal with the canonical basis a, b + gδ as described in (6) . Suppose this basis is WR twistable by some totally positive
with D ≡ 1 (mod 4), then by (13) we must have
We should remark that the first identity holds, unless the denominator b 2 + g 2 D − a 2 = 0, which is not possible: if this is the case, then (13) implies that b = 0, and so a 2 = g 2 D, which contradicts D being squarefree. Since p must be positive, we have a
meaning that a < b, which contradicts the choice of the canonical basis. Hence we must have b 2 < g 2 D: equality is not possible since D is squarefree. If I = O K , then a = 1, b = 0, g = 1, and so we must have |1 − D| ≤ 0, which is a contradiction. Hence O K cannot have WR twistable canonical basis. Now suppose that D ≡ 1 (mod 4), then by (15) we must have
unless 4b
2 + g 2 (D + 1) + 4b − 4a 2 = 0, in which case 2b + g = 0: this is not possible, since g | b. Additionally, (15) implies that
Since p must be positive, we have a
, then we get
and so a < b + g/2, which contradicts the fact that g | a − b. Hence we must have
, which means that b < This finishes the proof of Theorem 1.2. Notice that this theorem implies that the canonical basis is rarely WR twistable, however such examples still exist. We demonstrate a couple here. 
Proof of Theorem 1.3
Here we prove Theorem 1.3. As above, let K = Q( √ D) for a squarefree integer D > 1 and let I ⊆ O K be an ideal with the canonical basis a, b + gδ as described in (6) . Suppose this basis is stable twistable by some totally positive α = p+q
. If we consider the first condition of (14) as a quadratic inequality in p, then its leading coefficient is negative unless b ≤ g D/3 and it has negative discriminant unless b ≤ 2g D/3. Hence the canonical basis can be stable twistable only if
As always, equality is not possible since b is an integer and D is squarefree. Now assume that I = O K , then a = 1, b = 0, g = 1, so the inequalities of (14) become:
Combining these inequalities, we obtain (1 − 3D)p 2 ≥ 0, which is not possible. Hence O K cannot have a stable twistable canonical basis. Again, equality is not possible since b is an integer and D is squarefree. Now assume that I = O K , then a = 1, b = 0, g = 1, so the inequalities of (16) become:
These inequalities lead to
which means that we must have
. This only holds for D = 5, which, as we know, yields even a WR twist. By the same reasoning as in the proof of Theorem 1.2, our upper bounds on b mean that there can be at most finitely many ideals in O K , up to similarity of the resulting ideal lattices, with the canonical basis being stable twistable. This finishes the proof of Theorem 1.3.
Finally, let us demonstrate a couple examples of stable twists of ideal lattice canonical bases that are not WR twistable. 
Further remarks on stable and WR twistable bases
Here we include some further heuristic remarks on stable and WR twistable bases beyond the canonical ones discussed above. Let H = {x + iy ∈ C : y > 0} be the upper half-plane. Following [7] , define
and
Then D is the standard fundamental domain of H under the action of SL 2 (Z) by fractional linear transformations and F is the space of similarity classes of planar lattices. As in [7] , this can be illustrated by Figure 1 with the subsets of WR and stable similarity classes marked accordingly. Let K be a real quadratic field and I ⊆ O K an ideal. For each lattice (L K (I), f A(α) ) for a totally positive α ∈ K, let us write L K (I), f A(α) for its similarity class. As shown in [2] , sets of similarity classes of the form G(I) := L K (I), f A(α) : α ∈ K totally positive correspond to closed geodesics in H/ SL 2 (Z), and every closed geodesic will necessary intersect the WR locus W in the upper-half plane (the blue arc in Figure 1) ; denote by I := W ∩ G(I) the set of such intersection points.
The set I is completely defined by a relation described in [4] . Let B = {x, y} be a basis for the ideal I, and define
where ∆ K is the discriminant of the number field K. We say that two bases B and B are equivalent if F (B) = F (B ): this is indeed an equivalence relation. Then the set I is in bijective correspondence with the equivalence classes of bases B with F (B) < 0. This implies finiteness of |I|. Furthermore, as the geodesics G(I) are closed, the number of arcs "inside" the stable locus is at most twice |I|, except when the only WR twist of our ideal lattice is orthogonal as in Figure 2 . Before intersecting the WR locus, the geodesic G(I) crosses "continuously" the stable locus, which yields infinitely many stable twists: in other words, this insures the existence of infinitely many totally positive α ∈ K such that A(α)B is stable for a fixed WR twistable basis. In summary, every WR twistable basis will give rise to infinitely many stable twists, except in the cases where the ideal I admits only the orthogonal WR twist. The converse is not true: there exist bases that are stable twistable, but not WR twistable, as demonstrated by Examples 3 and 4.
